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Abstract 



In this work we discuss the notion of observable - both quantum and classical 
- from a new point of view. In classical mechanics, an observable is repre- 
sented as a function (measurable, continuous or smooth), whereas in (von 
Neumann's approach to) quantum physics, an observable is represented as a 
bonded selfadjoint operator on Hilbert space. We will show in the present 
part II and the forthcoming part III of this work that there is a common struc- 
ture behind these two different concepts. If TZ is a von Neumann algebra, a 
selfadjoint element A 6 TZ induces a continuous function Ja '■ Q(V(7Z)) — > R 
defined on the Stone spectrum Q(V(7Z)) ( 7J) of the lattice V(7Z) of projec- 
tions in TZ. Ja is called the observable function corresponding to A. The aim 
of this part is to study observable functions and its various characterizations. 
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Chapter 1 
Introduction 



"Neue Blicke durch die alten Locher" 
(Georg Christoph Lichtenberg, Aphorismen) 



In von Neumann's axiomatic approach to quantum physics, an ob- 
servable property of a quantum system is represented by a selfadjoint 
bounded linear operator on a suitable complex Hilbert space. In classical 
mechanics, however, an observable property is, depending on the context, 
represented by a measurable, continuous or smooth function on phase space. 
In this and in the next parts ([HI El) we will show how to overcome this 
apparently fundamental difference. 

In the previous part (7), we have studied the Stone spectrum Q(h) 
of a lattice L. The elements of Q(h) are the maximal dual ideals in L. Q(h) 
is equipped with a topology by the requirement that the sets 

Qo(L) := {23 G Q(L) | a G 23} (a eh) 

form a basis of this topology. Of course, this is a manifest generalization of 
Stone's construction (j2])- If 5 is a presheaf on a complete lattice L, the 
sheafification of L leads to the same construction of Q(h) as base space of 
the etale space of S. Moreover, as we have proved in [Zj, if L is the lattice 
V(TZ) of projections in an abelian von Neumann algebra 7Z, then Q{7Z) is 
homeomorphic to the Gelfand spectrum of 1Z. In the same way we define a 
topology on the set T>{h) of all dual ideals in L. The Stone spectrum Q(h) 
is a dense subset of T>(h), but note that, except for trivial situations, the 
topology of T>(h) is not Hausdorff. 



4 



Introduction 



5 



If E — (-E'a)agir is a bounded spectral family in a complete lattice L, 
we call the function f E : V(L) — > K, defined by 

:= inf{A G R | £ A e J}, 

the observable function corresponding to E. The aim of this part is to study 
observable functions and its various characterizations, in particular in the 
case L = V(H) for a von Neumann algebra 71. In that case, bounded spectral 
families correspond to selfadjoint elements of 1Z. Hence we write Ja for the 
observable function corresponding to the spectral family E A of TZ sa . We prove 
that Ja_ '■ Q(7Z) — > K is a continuous function whose range is the spectrum of 
A. Moreover, we show that, if 1Z is abelian, the mapping A J'a coincides 
with the Gelfand transformation. Thus it is tempting to regard Q{7Z) as a 
sort of phase space. This interesting question will be discussed in part IV 

(0). 

We refer to the introduction of part I (jZj) for a detailed description of results 
of the present part. 



Chapter 2 

Quantum Observables 



Observables in quantum physics are selfadjoint operators of an appropriate 
Hilbert space Ti. Physically meaningful is not the precise value of an ob- 
servable (which is an inconsistent notion in quantum theory by the Kochen 
- Specker theorem ([HI)) but its expectation value in a given state of the 
physical system. In quantum theory the expectation that the value of the 
observable A lies in the Borel set ACM when the physical system is in the 
pure state x G Ti is given by 



where E = (E\)\ ( z^ L is the spectral resolution of the selfadjoint operator A. 
So the essence of an observable is its spectral family Later on we will show 
how to describe also classical observables by spectral families. Of course one 
can object that one can easily perform algebraic operations on operators and 
functions but it is an intricate problem to describe these operations in the 
language of spectral families. From the physical point of view however, the 
possibility of adding two given observables to obtain a new one is merely a 
mathematical reflex: what is the meaning of the sum of the position and the 
momentum operator or the sum of two different spin operators? 
The aim of the following section is to show how the representation of quantum 
observables as observable functions evolves from sheaf theoretical considera- 
tions. 




A 



Xd < E\x, x > 
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2.1 Motivation: The Presheaf of Spectral 
Families 

We know that there is only the trivial sheaf on the quantum lattice h(H) of 
closed subspaces of the Hilbert space 7i. But what about presheaves? 

An obvious example is the following one: For U G L(7i) let S(U) := C(U) 
be the space of bounded linear operators U — > U and for V G L(7i), V C U, 
we define a "restriction map" 

p u v : C(U) -> 

by 

:=P y A| y . 
Clearly these data give a presheaf on L(7i). 

This example looks somewhat artificial because the restriction maps 
defined above do not coincide with the usual idea of restricting a mapping 
from its domain to a smaller set. But we will see in part III, that it leads 
quite naturally to the notion of Positive Operator Valued Measures. The 
elements of the stalks of this presheaf, however, have a quantum mechanical 
interpretation. 

Remark 2.1 Let A G C(U) and let 93cx G Qu(H) be an atomic quasipoint 
(in h(U)). Then the germ of A in Q3 C;C is given by < Ax,x >, where x G 
S\H) nCi. 

Namely, HA, Be C(U), then A B if and only if P Cx AP Cx = P Cx BP Cx . 
Now if x G S\H) then 

V z G Ti : /';•., . l/ , :> =< Ax, x >< z,x > x. 

Hence P Cx AP Cx = P Cx BP Cx if and only if < Ax,x >=< Bx,x >. 

If A is a selfadjoint operator and x G S' 1 (7i) is in the domain of A, 
then < Ax, x > is interpreted as the expectation value of the observable A 
when the quantum mechanical system is in the pure state Cx. 

In order to obtain an example of a presheaf on h(H) whose restric- 
tion maps are defined analogously to the ordinary restriction of functions, 
we shall reformulate the operation of restricting a continuous function 
/ : U — > K. to an open subset V C U in the language of lattice theory. 
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Let M and TV be regular Hausdorff spaces. A continuous mapping 
/ : M — > TV induces a lattice homomorphism 

: T(TV) -> T(M) 
W ^ /(W) 

that is left continuous: 

for each family (Wj)ig/ in T(N). Conversely: 

Theorem 2.1 E'ac/i Ze/t continuous lattice homomorphism $ : T(TV) — > 
T(M) induces a unique continuous mapping / : M — > TV such that $ = $/. 

The proof is based on the observation that for any point p in T(M) the inverse 

-l 

image $(p) is a point in T(N). Because the points in T(M) correspond to 
the elements of M, this gives a mapping / : M — > TV. It is then easy to show 
that / has the required properties. 

Now we can describe the restriction of a continuous mapping / : M — > TV to 
an open subset £7 of M in the following way: 

Proposition 2.1 Let / : M — > TV be a continuous mapping between regular 
Hausdorff' spaces, $y : T(N) — > T(M) the left- continuous lattice homomor- 
phism induced by f , and U an open subset of M. Then 

<5>" : T(TV) -> T(C7) 

^ $ f (w)nu 

is a left- continuous lattice homomorphism and the corresponding continuous 
mapping U — > TV zs £/ie restriction of f to U. 

Proof: $ := $^ : T(TV) — > T(C/) is a left-continuous lattice homomorphism, 
since T(M) is a completely distributive lattice. Let p^ C T(U) be the point 
corresponding to x E U. Then 

Q(p x ) = {Ve T(TV) | x e * f (v) nU} = {Ve T(TV) | x e * f (y)} = p m , 

where p/^) denotes the point in T(TV) that corresponds to f(x). Hence 
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Let 7i be a Hilbert space. The observables of a quantum mechanical sys- 
tem are selfadjoint operators of 7i. Equivalently we can think of observables 
as spectral families in the lattice V(£(H)) of all orthogonal projections in 
£{7i). Let S(TL) be the set of all spectral families in V(£(H)). To begin 
with, we restrict our attention to those spectral families E : R — > V(£(H)) 
that are bounded from above : 

3 A G R : E x = I. 

We want to show that the set S ub (7i) of all upper bounded spectral families 
in V(jC(TC)) induces canonically a presheaf S$ on V(£(H)). We can perform 
the construction for an arbitrary orthomodular lattice. 

Let L be a complete lattice and for a G L let 

L a := {b G L | b < a}. 

L a is a complete orthomodular sublattice (in fact a principle ideal) of L with 
maximal element a. We denote by S ub (a) the set of all spectral families 
E : R — > h a that are bounded from above: 

3 A G R : E\ = a. 

For a, b G L, a < b we define a restriction mapping 

Q b a : -> S u6 (a) 

by 

V A G R : := ^ A A a. 

Obviously, 

St := (S ub (a),o b a ) a < b 
is a presheaf on L. We call it the spectral presheaf on L. 

Remark 2.2 If h is a lattice of finite type (^), the condition of upper 
boundedness is not necessary. If, in particular, L is the projection lattice 
V(IZ) of a finite von Neumann algebra, the restriction maps are defined for 
arbitrary spectral families. Theorem 3.1 in |W and its proof show that the 
converse is true too. 
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We can make the connection of restricting spectral familes to the restriction of 
continuous real valued functions on a Hausdorff space even more transparent: 
Let / : M — > R be a continuous function on a Hausdorff space M. Then 

VAGI: E x := int( /(] - oo, A])) 

defines a spectral family E : R — > T(M). (The natural guess for defining a 
spectral family corresponding to / would be 

A~7(]-oo,AD. 

In general, this is only a pre-spectral family: it satisfies all properties of a 
spectral family, except continuity from the right. This is cured by special- 
ization, i.e. by the switch to 

A^ /\/(]-oo,/4). 

But 

/\ /(] - oo,/4) = int(f) /(] - oo^D) = intCh ~ °M])), 

which shows that our original definition is the natural one.) 
One can show that 

V xeM : /(x) = inf{A | x G E A }, 

so one can recover the function / from its spectral family E. Let U G 
T(M), E/y 0. Then 

-l 

£ A n £/ = G C/ | /(x) < A} = m^/i^d - oo, A])), 

hence E u is the spectral family of the usual restriction f\ v : U — > R of / to 
U . We shall investigate the interplay between spectral families in T(M) and 
continuous functions / : M — > R extensively in the next part. 

Let 7i be a Hilbert space. The following simple example shows that 
the restriction E p of a spectral family E in V(C(7i)) that is not bounded 
from above may fail to be a spectral family in V(P7i). 
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Example 2.1 Let H be a separable Hilbert space and (e„) ng M an orthonormal 
basis ofTi. Then 

Ex := V r ' -. ( A e R ) 

n<\ 

defines a spectral family in h(7i). One can show that this spectral family 
corresponds (up to some scaling) to the Hamilton operator of the harmonic 
oscillator. Take x G S 1 (H) such that 

V n G N : < x, e n >^ 0. 

This means that P Cx ^ E\ for all A G R and hence 

E^ = E X AP CX = 

for all A el. Therefore 

V £f C * = ^ '' - 

Remark 2.3 Of course we can drop the requirement 

V E X = I 

in the definition of spectral families. Then we obtain the notion of a gen- 
eralized spectral family. Operators that are given by generalized spectral 
families are not necessarily densely defined, but their domain of definition is 
only dense in the closed subspace Vasm E\hi ofTC. 

Let us consider the restriction of a spectral family E : R — > V(C(H)) to 
V(P£ X H) more closely. If P<£ X < E x for some A G R, then the hermitian 
operator corresponding to the spectral family 

E Pc * : R -> V(P Cx H) 

is a (real) scalar multiple cii of the identity ii : Pcx'H — > Pcx'H- Now 
P^W) = {0,P & }, hence 




for A < c 
for A > c 



and 

c = inf{A G R | Pcx < E x }. 
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Using the convention 

inf = oo 

we obtain in this way a function on the projective Hilbert space VH with 
values in R U {oo}, 

f E : FH -> ffiU {(X)}, 

defined by 

/ £ (Cx) := inf{A e R I P Cx < E x }. 

Clearly, if E is bounded from above then f E is bounded from above, too. 
Moreover, f E is a bounded function if and only if E is a bounded spectral 
family, i.e. the corresponding selfadjoint operator A E is bounded. 

The canonical topology on projective Hilbert space FH is the quotient 
topology defined by the projection 

pr:H\{0} -> Pft 
x i— > Cx. 

This means that a subset W C FH is open if and only if pr(W) is an open 
subset of H\ {0}. 

The function / CT has some remarkable properties: 
Proposition 2.2 Let E : R — > V(C(7i)) be a spectral family and let 

/ E :PK^RU {oo} 

&e i/ie function defined by 

f E (Cx) := inf{A eR\P Cx < E x }. 

Then 

(1) f E is lower semicontinuous on YH; 

(2) ifCx, Cy, Cz are elements ofFH such that Cz C Cx + Cy, then 

f E (Cz)<m8x(f E (Cx)J E (Cy)); 

-l 

(3) f E (R) is dense in FH. 
Lower semicontinuity follows from 

pr(/ik]-oo,A]))U{0} = £ A ft; 

-l 

for then f E (] — oo, A]) is closed in P7i for all A e R and therefore f E is lower 
semicontinuous. The two other properties are obvious from the definitions. 
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Definition 2.1 A function f : FH — > R U {00} is called an observable 

function if it has the following properties: 

(1) f is lower semicontinuous; 

(2) if Cx, Cy, Cz are elements ofFH such that Cz C Cx + Cy then 

/(Cz)<max(/(Cx),/(Cy)); 

-1 

(3) f (R) is dense in FH. 

The point is that we can reconstruct spectral families in V(C(H)) from ob- 
servable functions on FH: 

Theorem 2.2 The mapping E 1— > f E is a bijection from the set of spec- 
tral families in V{C{7i)) onto the set of observable functions on FH. This 
mapping is compatible with restrictions: 

fE p = fE\vPH- 

-1 

Moreover, E e S ub {H) if and only if f E (R) = FH, and E belongs to S b {H), 
the set of bounded spectral families in V{C{H)), if and only if fE is bounded. 

Sketch of proof: The construction of a spectral family from an observable 
function / is roughly as follows: for A G R let 

E x :=prCf (}- 00, \]))U{0}. 

Property (1) assures that E\ is closed in H and property (2) implies that E\ 
is a subspace of H. It is not difficult to show that E : A 1— > E\ is a spectral 
family in V(C(H)) and that 

f E = f 

holds. It follows from Baire's category theorem that E G S ub (H) if and only 
if Je(R) = FH. □ 

If A is the selfadjoint operator corresponding to the spectral family 
E, then we also write instead of The spectrum sp(A) of a selfadjoint 
operator on H is given by the corresponding observable function f a in a 
surprisingly simple manner: 
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Proposition 2.3 Let A be a selfadjoint operator on H. Then 

sp(A) = UUR)), 

which simplifies to 

sp(A) = JK¥H) 

if A is bounded from above. 

In the next section we will obtain a stronger result (theorem 12. Hjl for bounded 
selfadjoint operators. 

0(H) be the set of observable functions on VH, O ub (H) the set of 
observable functions that are bounded from above, and O b (H) the set of 
bounded observable functions. 

Let / G 0(H), Cx G / (R) and 23 & G Q(H) the atomic quasipoint 
defined by Cx. Let further E be the spectral family corresponding to /. 
Then 

/(Cx) = inf{A G R | Pcx < E x } 
= inf{A G R | E x G <B C *}. 

Using this formulation, we can extend the definition of observable functions 
to arbitrary quasipoints in V(C(l~i)): 

Definition 2.2 Let f G 0(H) and let E f : R -> V{C{H)) be the spectral 
family corresponding to f. The function 

/: Q(W) ^MU{-oo,cx)}, 

defined by 

/(©) := inf{A G R | ^ A G 95}, 
zs called the observable function on Q{H) induced by /. 

Note that j(53) = — oo if and only if is not bounded from below and 03 
contains {Ex \ A G R}. 

The observable function / induced by / G O b {7i) can also be expressed 
directly in terms of /: 

Proposition 2.4 Let f be a bounded observable function. Then the observ- 
able function f induced by f is given by 

V 03 G Q(H) : /(») = inf sup /(Cx). 
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From now on we will denote the observable function Q(H) — > R U {— oo, 00} 
induced by / G 0(H) also with the letter /. 

Next we will show how observable functions / : Qiji) R U {—00} 
can be used to assign a value to the germ [E]<£ of a spectral family in 
the quasipoint 23 G Q(H)- We recall that spectral families E G S ub (P) and 
F G S ub (Q) are equivalent at the quasipoint 93 G Qp a q(H) if and only if 
there is an element R G 23 such that R< P AQ and = F B holds. 

Proposition 2.5 Let F G S ub (P), F G S ub (Q) be spectral families with 
corresponding observable functions and /p respectively. If E and F are 
equivalent at 23 G Qpaq(H), then 

f E (x) = MX) 

holds. 

This follows directly from the observation that the definition of equivalence 
at 23 implies 

{A G R I £ A G 23} = {A G R I F x G 23}. 
The proposition shows that we obtain a mapping 

v : -> R U {-00} 

defined by 

«([#]») = 

on the etale space £{S$). v([E]<s) is called the value of the germ [E]^. 

2.2 Basic Properties 

Let H be a Hilbert space and let A be a selfadjoint (not necessarily bounded) 
operator of H. Our basic definition is 

Definition 2.3 Let E A = (E^xeR be the spectral family of A. The function 

f A : Q(H) -^ffiU {-00, 00}, 

defined by 

/ A (23) := inf{A G R| G 23}, 
is called the observable function corresponding to A. 
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Remark 2.4 The value oo occurs for f A if and only if E A ^ I for all 
A G 1, i.e. if E A is not bounded from above. Analogously the value — oo 
occurs if and only if E A is not bounded from below. A is bounded if and only 
if the observable function f A is bounded. Note that this is already the case if 
f A is real valued. 



In the following let 1Z be a von Neumann algebra considered, as a 
subalgebra of C(H) for some Hilbert space H, such that the unit element 
of 7Z is the identity operator I = idn G C(Ti). lZ sa denotes the set of 
selfadjoint elements of 1Z and V(7Z) the lattice of projections in 7Z. Let 
Q(TZ) be the Stone spectrum of 7Z, i.e. the Stone spectrum of the complete 
lattice V(1Z). If A G 1Z sa) we denote by sp(A) the spectrum of A and by E A 
the spectral family of A 1 . 

In the following two sections we will generalize the results of the fore- 
going section to arbitrary von Neumann algebras. 

Theorem 2.3 Let A G 1Z sa and let f A : Q(1Z) — > R be the observable func- 
tion corresponding to A. Then 

imf A = sp(A). 

Proof: The spectrum sp(A) of A consists of all A G K such that the spectral 
family E A of A is non-constant on every neighbourhood of A. Assume that 
A G imf A) but A ^ sp(A). Then there is some e > such that 

VAG]Ao-£,A + £[: E a = E a . 

Therefore, if 03 G Q{1Z) is in the inverse image of A by f A , then /a(55) < 
A — e, a contradiction. Thus f A C sp(A). 

Conversely let A G sp(A). There are two (non-excluding) possibilities: 

(i) There is a decreasing sequence (A n )„ £ N such that A = lim^^oo A n and 
E A <E A for all n. 

(ii) E A < E A for all A < A . 

1 We do not consider restrictions of spectral families in this and the remaining sections 
of this chapter, so there is no danger to confuse E A with a restriction of some spectral 
family E. 
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If the first possibility occurs, we take a quasipoint 03 E Q(7Z) that contains 
all E£ - E* for fi > \ . Then Ef E 03 for all A > A , but $ 03. Hence 
/a(03) = Ao- If the second possibility occurs, we take a quasipoint 03 that 
contains all - E* for A < A . Then E 23 but, E£ <£ 03 for A < A . 
Hence / A (03) = A . □ 

Remark 2.5 TTie foregoing proof shows that the infimum in the definition 
of observable functions can, in general, not be replaced by a minimum. 

Example 2.2 The observable function of a projection P E V(7Z) is given by 

fp = l — XQi-p{1Z), 

where XQi- P (K) denotes the characteristic function of the open closed set 
Qi-p(1Z). Hence fp is a continuous function. 

Proof: The spectral family E p of P is 

for A < 

1 - P for < A < 1 
I for 1 < A. 

The assertion follows now directly from the definition of observable func- 
tions. □ 

This example can be generalized easily. 
Using the fact that for a E K. and A E lZ sa 

E A+aI =E A oTa 

holds, where T a denotes the translation A i— > A — a, we obtain 

Lemma 2.1 If A E 1Z sa and a E R, then fA+ai = a + /a- 

Proof: For all 03 E Q{1Z) we have 

W(03) = inf { A| E^ +aI E 03} 

= inf{A| Et a G »} 

= inf {a + A - a\ E^_ a e 03} 

= a + inf{A| E$ E 03} 

= a + /A(»). □ 
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Consider pairwise orthogonal projections Pi, . . . , P„ G 1Z : nonzero real num- 
bers di < • • • < a n and let A := YTj=i a jPji P := Y^j=\Pj- Then for all 
a E R 

A-al = A-aPi aP n - a(I - P) 



Choose a > such that cij — a < for all j — 1, . . . , n. If there is some jo 
such that a,j < < a J0+ i then 

ai — a < • • • < a J0 — a < —a < aj 0+ i — a < ■ ■ ■ < a n — a < 0. 

( The cases when the are all positive or all negative are handled analo- 
gously.) For k — 1, . . . , n + 1 set 



(Qi, . . . , Qn+i) is an orthogonal decomposition of I and therefore the spectral 
family of A - ai = J2k=i hQkte given by 



(ai - a)P 1 + ••• + («„- a)P n + (-a)(I - P). 




dk — a for < jo 
—a for = j + 1 

cik-i — a for k > jo + 2 



and 




P fc for fc < jo 
J - P for fc = j + 1 
Pk-i for k>j + 2. 



E 




From the definition of observable functions we obtain 



/A-ar(») = 6fc for Qi + --- + Qjfc e23, Qj + • ■ • + Q k ^ i 23. 



Therefore, setting Q := 0, we get 



n+l 




fc=l 



Combining this result with lemma 12.11 gives a proof of 
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Proposition 2.6 Let Pi, P 2 , . . . ,P n G V(7Z) be pairwise orthogonal projec- 
tions and A := J2k=i a kPk with real coefficients a 1; a 2 , . . . , a n . Then, setting 
Po ■= 0, 

n 

C-kXQp 1+ ...+P k ('R.)\Qp 1 + ... + P k _ 1 (TZ) ■ 

k=l 

Consequently, f& is continuous. 

Corollary 2.1 If 1Z is abelian and A = Ylk=i a kPk as in proposition \2. 61 
then 

n 
k=l 

Proof: If IZ is abelian then the projection lattice V(TZ) is distributive and 
therefore 

k 

Q Pl+ ... +Pk (K) = {jQ P .(K). □ 
j=i 

Theorem 2.4 Lei A G 7£ sa . T/ien i/ie observable function f^ : Q(1Z) — > K 

zs continuous. 

Proof: We know from theorem 12. HI that the image of /a is the spectrum 
sp(A) of A. Let a := mm(sp(A)), 6 := max(sp(A)) and let e > 0. Choose 
A G]a — e, a[, A n e]6, 6 + e[, Ai, . . . , A n _i G [a, 6] such that X^-i < A& and 
Afc — Afc_i < e for k — 1, . . . , n. Moreover let \* k G]Afc_i, A&[ for k — 1, . . . , n 
and 

n n 
k=l k=l 

with Pfc := — . Then by proposition 12.61 

n n 

fA e = ^2 KXQp 1 + ...+P k (n)\Qp 1 + ... + p k _ 1 (Tl) = ^2 KXQ e a (n)\Q EA (TV)- 
k=l k=l Xk Afc - X 

Let 03 G Q(K). Then 03 G Q e a (TZ) \ Q e a (K) for exactly one k. Hence 

x k x k-l 

f Ae m = K 

and 

= inf{A| £ A A G 03} G [A fc _i, A fc ]. 

This implies 

IM03)-/a £ (03)|<£ 
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and, 23 being arbitrary, 

I fA — fA E |oo< £• 

Hence Ja is continuous. □ 

Definition 2.4 Let 1Z be a von Neumann algebra. Then we denote by 0(7Z) 
the set of observable functions Q(7Z) — > M. 

By the foregoing result, 0(7Z) is a subset of Cb(Q(7Z),M), the algebra of 
all bounded continuous functions Q(7Z) — > M.. 0(7Z) separates the points of 
0.(71) because the observable function of a projection P is fp = 1 — XQi- P {ti)- 
Moreover, it contains the constant functions (by lemma l2~T|) . In general, 
however, it is not an algebra and not even a vector space (with respect to 
the pointwise defined algebraic operations). 

Theorem 2.5 Let 7Z be a von Neumann algebra and let 0(7Z) be the set of 
observable functions on Q(7Z) . Then 

0(7l) = C b (Q(K),R) 

if and only ifTZ is abelian. 

We will prove here only one half of this theorem leaving the other one 
until we have proved an abstract characterization of observable functions. 

Proposition 2.7 Let 7Z be a von Neumann algebra such that for all P G 
V(7t) the characteristic function Xq p (R) of the open closed set Qp(7Z) is an 
observable function. Then 7Z is abelian. 

Proof: Let Po £ V(7Z). By assumption XQp (K) is the observable function / 
of an element A e 7Z sa . Then sp(A) = imf C {0, 1} and therefore A is a 
projection P in 7Z. Hence 

XQ Po (Tl) = 1 - XQi-pW- (2-1) 

Let 23 G Qp(7Z). Then XQ Po (n)(^) — 1 an d therefore P G 23. Hence we 
have shown 

V 23 G Q(K) : (P G 23 P G 23). (2.2) 

We show that this implies 

P = Po- (2.3) 

This is equivalent to 

1 = XQp(11) + XQr.piTl) (2-4) 
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i.e. to 

Q(K) = Q P {K) U Q/_ P (7e). (2.5) 

By proposition 3.5 in part I this property is equivalent to the distribu- 
tivity of the lattice V(7Z), i.e. to the commutativity of TZ. 
Assume that O does not hold, i.e. P A P < P or P < P . If P A P < P, 
take some 23 G Q(K) with P - P A P G 23. Then P G 23, hence also P G 53 
(bv 12.2)1 and therefore Pq A P G 53, a contradiction. This shows Pq A P = P 
i.e. P < P . Assume that P < P . Let 23 G Q(7£) such that P - P G 23. 
Then Pq G 03 and therefore 12.11 implies / — P ^ 23. But then 

P - P = P Q (J - P) = P A (/ - P) £ 23, 

a contradiction again. Hence 12.31 holds. □ 

The foregoing proposition can be reformulated in the following way. 
If E = (Pa)asr is a bounded (right-continuous) spectral family, a natural 
candidate for an orthocomplement of E in the lattice of bounded spectral 
families Q6J) would be 

E:\\-+I- P_A- 

But E is, continuous from the left and, in general, not from the right. Spec- 
ialization of E gives the (right-continuous) spectral family 

(-P)a := /\(I-E.,) 

= i- v ^ 

fj,<-\ 

= I-E-x-. 

A routine calculation shows ( that, if A G 7£ sa is the operator correspond- 
ing to E, then the operator corresponding to ->E is —A. Therefore, we obtain 
for the negative of the observable function of —A: 

= — inf {A G R | I — P-a- € 23} 

= -inf{-A G R | J-P A - G 23} 

= sup{A G R | / — Pa- G 23} 

= sup{A G R | / - P A G 23}. 

In particular, for a projection P we get 



-f-p - Xq p (k)- 
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Corollary 2.2 A von Neumann algebra 1Z is abelian if and only if 

0(K) = -0{K). 

Proof: If K is abelian and 23 G Q(TZ), then P G 23 or / - P G 23 for all 
P G V{K). Hence 

-f_ A (*B) = sup{A G R | / - £f G 23} = inf{A G R | G 23} = /U(23) 

for all A G 7^ sa and all 23 G <2(7?.). □ 

Remark 2.6 TTje functions 

9A- Q{K) -> R 

23 i — > sup{A G R | / - £f G 23} 

were introduced by Doring (lift/)- His motivation came from the following 
observation. Let A G C{7i) sa and x G TC\{0}. Then, by the spectral theorem, 
we have 



< Ax, x >= I Xd < E^x, x > . 



It is obvious that 



x Pj4 ^ \<x,x> for X> /a(23 & ) 
< EyX, x >= < 

[0 for\<g A (<B Cx ), 

where 23^ is the atomic quasipoint defined by Pc x . Hence 

< Ax, x >= / Xd < E x x, x > . 

Doring called the function g A : Q{7Z) — > R the antonymous function in- 
duced by A G TZ S a- Because of g A = —f-A f or a ^ A £ Tlsa, the set of antony- 
mous functions is simply —0{1Z). Therefore, we prefer the name mirrored 
observable function instead of the pretentious "antonymous function" . Of 
course, the properties of mirrored observable functions are quite analogous to 
those of observable functions. For example, we have 

im(-f_ A ) = -imf_ A = -sp(-A) = sp{A). 

Similarly, it is quite easy to translate the whole discussion of the next sections 
to the mirrored case. Observable and mirrored observable functions are two 
sides of the same coin. Their symmetric role will become more clear in part 

iv (W- 
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2.3 Abstract Characterization of Observable 
Functions 

We will prove some properties of observable functions of a von Neumann alge- 
bra 1Z which in turn will serve as axioms for an abstract notion of observable 
function. 

Definition 2.5 Let L be a complete lattice (with minimal element and 
maximal element 1). A nonempty subset J C L is called a dual ideal if it 
has the following properties: 

(i) o i j, 

(U)a,beJ =>- a Abe J, 

(Hi) if a G J and a <b, then b G J . 

If a G L \ {0} ; the dual ideal 

H a := {b G L| b > a} 

is called the principal dual ideal generated by a. We denote by V(L) 
the set of dual ideals ofh. For a Eh let 

V a (h) := {JeV(h)\ aej}. 

As mentioned earlier, a maximal dual ideal is nothing but a quasipoint of L. 
We collect some obvious properties of the sets V a (L) in the following 

Remark 2.7 For all a, b G L the following properties hold: 

(i) a<b P a (L) C V b (h), 

(u) D aM (L)=D fl (L)nA(L), 

(in) V a (L) U V b (L) CV aVb (h), 

(iv) V (h) = 0, Px(L) =P(L). 

These properties show in particular that {X> a (L)| a G L} is a basis of a 
topology on P(L). The Stone spectrum Q(L) zs dense in T>(h) with respect 
to this topology. 
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Note that T>(h) is in general not a Hausdorff space: let b, c G L, b < c. 
Then H c G 7J> a (L) c < a, hence P fe G P a (L) and, therefore, P fe and H c 

cannot be separated. We return to the case that L is the projection lattice 
V(TZ) of a von Neumann algebra TZ, although most of our considerations also 
hold for an arbitrary orthocomplemented complete lattice. 

Lemma 2.2 V P G V(K) : H P = f) Pe<B ¥> (=: f)Q P (Jl)). 

Proof: If P G 23 then clearly H P C 23. Hence H P C f| Q P (ft). Conversely, 
assume that C} G P| Qp{TZ) \ H P . Then P A Q < P and so there is some 
quasipoint 23 which contains P — P AQ. But then P G 23 and therefore also 
P A Q G 23, a contradiction. □ 

Let A G 7£ sa with corresponding spectral family E A and observable 
function f A . We extend f A to a function 7J>(7£) — > R on the space Z>(7?.) of 
dual ideals of 7^(72.) (and we denote this extension again by f A ) in a natural 
manner: 

V J G D(ft) : f A (J) ■= inf{A| Pf G J}. 

Proposition 2.8 Lei (Jj)jej be a family in V(1Z). Then 

f A (f) Jj) = sup f A (Jj). 

Proof: J := f]j eJ Jj is a dual ideal that is contained in Jj for all j G J. 
Hence 

= inf{A| Ef G ^} < inf{A| E? e J} = f A (J) 

and therefore 

sup/ A (^)</ A (J). 

Let £ > and choose A such that 

f A (J)-e<X<f A (J). 

Then P^ ^ J", so there is some j such that Pjf ^ J} . This means f A (Jj ) > 
A and therefore we obtain 

fA(J)-E<fA(J ia )<™vfA(Jj). 

j 

As e > was arbitrary, we conclude 

f A (J)< sup f A (Jj). □ 

3 
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On a principal dual ideal Hp we simply have 

f A (H P ) = inf{A| Ef > P} = mtn{\\ E* > P} 
because E A is continuous from the right. 

The following characterization of eigenvalues of selfadjoint operators is 
an application of the foregoing results. It is a generalization of 5.7.22 in 
|2*U] for the selfadjoint case. In particular, it gives a further interesting 
characterization of finite von Neumann algebras. 

Proposition 2.9 Let A G 7Z sa and A G sp(A). If X is an eigenvalue, the 
-l 

interior of f A (X) is a nonvoid subset of Q(7Z). 

The converse holds if and only if 1Z is a finite von Neumann algebra. 

Proof: A is an eigenvalue of A if and only if E^ — E^_ > 0. Take 23 G 
Qe£-e* (ft)- Then E$ G 23, hence f A (*B) < A. If / A (») < A, then G 23 

for some ji < A. But this implies E£_ G 23, a contradiction. Hence /U(23) = A 

-l 

and, therefore, Q e a_ e a (1Z) C /^(A). 

-l 

Let 7?. be finite and let A G S£>(v4) such that intf A (X) ^ 0- Then there is 

-l 

some P G V (K) with Q P (7e) C f A (X). Since # P = f| Q P (1Z) by lemma l2~2l 
we obtain 

f A (H P )= sup /*(») = A. 

This implies 

Ef > P 

But then 

V^<A: E*AP = 0, 

because, if E^AP ^ for some u. < A, there is 23 G Qp(ft) with ^ AP G 23, 
hence E^ G 23 and therefore f A (23) < /x < A, a contradiction. Now assume 
that E^ = E^_. From the finiteness of 1Z we conclude 

0= \/(PAE*) = Pa\/ E* = PAE* = P, 
a contradiction. 

If 1Z is not finite, we have to present an operator A G 7Z sa that has a spectral 
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value A G sp(A) such that intf A (^) ^ and A is not an eigenvalue. As- 
sume that 1Z is not finite. Then 1Z contains a direct summand of the form 
M.<8)£(TCo), where M. C C(JC) is a suitable von Neumann algebra and Ho a 
separable Hilbert space of infinite dimension (see the proof of theorem 3.1 in 
[7j). So it suffices to find an example in M.®C(Hq). 
Let (e n ) ng N be an orthonormal basis of Ho and for A G R let 

{0 for A < 

£n=i P Ce n for 1 - | < A < 1 - and fc G N 
7 for A > 1. 

(Pa) AeR is a bounded spectral family and therefore (Im © Pa) asm is a spec- 
tral family in Ai®£(Ho). 1 belongs to the spectrum of the corresponding 
selfadjoint operator I M ®Ag .M©£(7io) but, by construction, 1 is not an 
eigenvalue of 7» © A. We have 

K = M®C(Ho) © 5 

with a suitable von Neumann subalgebra S of It is then easy to see that a 
quasipoint in V{K) is either of the form 03©P(S), with 03 G Q(.M®£(Wo)), 
or it is of the form P(A4©£(7io))ffi£ with £ G Q(5). Now let x := £^° =1 \e n . 
Then the quasipoints that contain (I_m © Po, 0) are of the form 03 © V(S). 
Thus we can restrict our considerations to quasipoints 03 G Q(.M©£(7io)) 
that contain I M © P Cx . If 03 is such a quasipoint, then I M © P A ^ 03 for 
A < 1, since Pa A Pq x = 0. Hence 

and this implies that the open set Qi M ^p Cx {M®C{Ho)) is contained in 
-l 

f I M ®A\1)- ^ 

We proceed with the development of the general theory. 
Proposition 2.10 Ja '■ T>(1Z) — > 1R is upper semicontinuous. 
Proof: We have to show that the following property holds: 

V Jo G V{K) Ve>03PeJ VJe V P (K) : f A (J) < f A (Jo) + e. 
Indeed P := Ef A (j )+e Jo an d therefore 

f A {J)<fA{Jo) + \<fA{Jo)+e 
for all J eV P (K). □ 
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Remark 2.8 Observable functions Ja '■ T>(1Z) — > K. are not continuous in 
general. 

Proof: The observable function f P : V(1Z) — > K of a projection ? G 71 is 
given by 

/p = 1 - XVp(R.)- 

fp is continuous if and only if V P {1Z) is open (which is true by definition) 
and closed. Now 

J G V P (K) V QeJ :V Q (K)nV P (K)^$ 

V Q G ^ : ©p a q(^) ^ 

VQeJ-.PAQjtO 

and therefore V P (1Z) = V P (1Z) if and only if 

VJeV(n): ((VQgJ": PAQ^O) =^ PeJ). 

This leads to the following example. Let P, P± G V(1Z) such that ^ P < P±. 
Then QAP = P for all Q G P Pl but P £ P Pl . Hence P Pl G V P (K)\V P {11). 
□ 

Proposition 2.11 For any function f : V(Jl) — > R, £/ie following two prop- 
erties are equivalent: 

(i) f is upper semicontinuous and decreasing (i.e. J\ C J" 2 =>- /(^) < 

ft) V J" G V(K) : /(J") = inf{/(# P )| P G J"}. 

Proo/: Assume that (i) holds. Let Jo e T>(R) and P G Jo- Then /(Jo) < 
/(Pp) and therefore /(Jo) < inf{/(P P )| P G Jo}. Let £ > 0. Then by the 
upper semicontinuity of / 

3 P G Jo V J G Pp (ft) : f(J) < /(Jo) + e, 

in particular 

f(H Po ) < /( Jo) + e. 
Hence /(Jo) = inf{/(P P )| P G Jo}. 

Conversely assume that (ii) holds. Let Ji, J2 G V(1Z), J\ C J" 2 . Then 

/(J" 2 ) = inf{/(Pp)| P G J" 2 } < inf{/(Pp)| P G Ji} = /(Ji), 

i.e. / is decreasing. Let Jo G V(1Z) and £ > 0. There is some P G Jo such 
that /(Pp) < /(Jo) + e. If J" G Pp(^) then H P C J and therefore 

f(J)<f(H P )<f(Jo)+e. 

□ 
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Corollary 2.3 f A (D(K)) = sp(A) for all A G Tl sa . 

Proof: We already know that f A (Q(TZ)) = sp(A), so it suffices to prove that 
f A (T)(lZ)) is contained in sp(A). But this follows from propositions 12 . 8[ 12 . 1 ( )[ 
12. Ill and the closedness of sp(A): 

\/Je V{K) : f A (J) = inf sup G sp(A). □ 

Definition 2.6 ^4 function f : T>(1Z) — > R called an abstract observ- 
able function «/ zs upper semicontinuous and satisfies the intersection 
condition 

f(f)Ji) = sup f(Jj) 
Wj ^ 

for all families (j^-)jeJ T^ill). 

The intersection condition implies that an abstract observable function 
is decreasing. Hence bv 12.111 the definition of abstract observable functions 
can be reformulated as follows: 

Remark 2.9 / : T>(1Z) — > R is an observable function if and only if the 
following two properties hold for f : 

(i)VJe V(K) : f(J) = m£{f{H P )\ P G J}, 

fa) fiCljejJj) = su Vjejf(^j) f° r all families (Jj) jeJ in V{TZ). 
A direct consequence of the intersection condition is the following 

-l 

Remark 2.10 Let A G imf. Then the inverse image /(A) C D(1Z) has a 
minimal element J\ which is simply given by 

Jx = f){J f(J) = X}. 

We will now show how one can recover the spectral family E A of A G lZ sa 
from the observable function f A . This gives us the decisive hint for the proof 
that to each abstract observable function / : D(TZ) — > R there is a unique 

a g n sa with / = f A . 

Lemma 2.3 Let f A '■ T>(7Z) — > R be an observable function and let E A be 
the spectral family corresponding to A. If A G imf, then 

Jx = {Pe V(K) | 3 fi > A : P > E A }. 

J\ = H e a if and only if E A is constant on some interval [A, A + 5}. Moreover 

E A = miJ x . 
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Proof: It is obvious that X := {P G V(Jl) | 3 \i > A : P > E A } is a dual 
ideal and that Ja (X) = A. Let J be any dual ideal in T>(TZ) such that 
f A (J) = A. Then A = inf{/i | P;f G J}. For P G X let fi > A such that 
P > P;f . Then E A G and therefore P E J. This shows X C J . Hence 
J7a = X. Clearly ,7a = if an -d only if P is constant on some interval 
[A, A + 5]. The last assertion is due to the continuity of E A from the right. □ 

Let A G imfA- Then 

f A (H E A ) = A 

if and only if there is no 5 > such that E A is constant on the interval 
[A - 5, A ]. 

Proposition 2.12 Let Xq G imfA- Then Xq = $a{H) for some principal 
dual ideal H G V{1Z) if and only if there is no 5 > such that E A is 
constant on the interval [Xq — 5, Xq] ■ 

Proof: Assume that E A is constant on some interval [Ai,Ao] with Ai < A 
but that there is a P G Vo(7Z) such that /^(Pp) = A . Then J\ C H P 
and therefore, by lemma 12. 3[ E A Q > P, i.e. H e a C Hp. This implies 

fA{H E A ) > /a(Pp) = A , contradicting Ja(H e a ) < Ai < A . □ 



Corollary 2.4 If X G f A iP pr (n)) then 

E? = \/{P e P (n) I f A {H P ) = A}. 

Proof: Note that, by proposition I2.12| the case E A = cannot oc- 
cur. If f A {H P ) = X then J x C H P and therefore E A > P. Thus 
X = f A (H E A)>f A (H P )=X. □ 



Corollary 2.5 ^4n observable function fA '■ T>(TZ) — > R zs uniquely deter- 
mined by its restriction to Q(7V). 

Proof: By proposition 12.111 is determined by its values on principle 
dual ideals H P (P G P(ft)). P P = f] Q P {TZ) by lemma O and therefore 
f A (H P ) = sup{/ A (^B)| 25 G Q P (TZ)} by proposition Ol □ 



Remark 2.11 A self adjoint operator A G TZ is uniquely determined by its 
observable function fA- 
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Proof: If A G imf a then = inf J\ and J\ is the minimal element of 

-l 

/4(A). Hence the uniqueness of A follows from the uniqueness of the spectral 
resolution. □ 

Theorem 2.6 Let f : T>(1Z) — > M 6e an abstract observable function. Then 
there is a unique A G 7?. sa siic/t £/iat / = /a- 

The proof will proceed in three steps. In the first step we construct from 
the abstract observable function / an increasing family (Ex)\eimf in V(7t) 
and show in a second step that this family can be extended to a spectral 
family in TZ. Finally, in the third step, we show that the selfadjoint operator 
A G 71 corresponding to that spectral family has observable function /a = / 
and that A is uniquely determined by /. 

Step 1 Let A G imf and let J\ G V(7Z) be the smallest dual ideal such 
that /(iTa) = A. In view of lemma 1231 we have no choice than to define 

£ A :=inf J x . 

Lemma 2.4 The family (E\)\ & i m f is increasing. 
Proof: Let A, /i G imf, A < /i. Then 

f(J») = A* 

= max(\,fi) 

= max{f{J x )J{J»)) 

= f(Jxnj^). 

Hence, by the minimality of J7^, 
and therefore E x < E^. □ 

Lemma 2.5 / is monotonely continuous, i.e. if{<Jj)j^j is an increasing net 
in T>{JZ) then 

f(\Jjj) lim/L/ ; ). 
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Proof: Obviously J := \J jeJ Jj E V{H). As / is decreasing, f(J) < f(Jj) 
for all j E J and (f(Jj)jej is a decreasing net of real numbers. Hence 

/(J)<lim/(^). 
j 

Let e > 0. Because / is upper semicontinuous, there is P E J such that 
/(J) < f(J) + e for all J G Pp(ft). Now P E J k for some k E J and 
therefore 

hm/(J ? )</(J fc )</( l 7)+e, 

which shows that also linij f(Jj) < f{J) holds. □ 

Corollary 2.6 TTie image of an abstract observable function is compact. 

Proof: Because {/} C J for all J E V(TZ) we have / < /({/}) on V{K). 
If A,/i E imf and A < fi then C J7a, hence UAeim/ ^ * s a dual ideal 
and therefore contained in a maximal dual ideal 23 G T>(1Z). This shows 
/(®) < / on DijV) and consequently im/ is bounded. Let A G im/. Then 
there is an increasing sequence (/i n ) ng N in ^m/ converging to A or there is 
a decreasing sequence (// n )neN in ^m/ converging to A. In the first case we 
have J^ n+1 C J" Mn for all n G N and therefore for J : = f| n J"^ n G P(7i) 

= sup/^J = sup^ n = A. 

n n 

In the second case we have J^ n C J" Mn+1 for all n E N and therefore J7" : = 
U„^eP(7e). Hence 

/(J) = lim/(^J = lim// n = A. 

n n 

Therefore A G «m/ in both cases, i.e. imf is also closed. □ 

Step 2 We will now extend (E\)\ &im f to a spectral family i?-* := (-Ea)asir- 
In defining i?^ we have of course in mind that the spectrum of the selfadjoint 
operator A corresponding to E J should coincide with imf . This forces us to 
define E\ for A ^ imf in the following way. For A ^ imf let 

S x := {/i G imf \ /I < A}. 

Then we define 

l^-Esup s A otherwise. 
Note that /({/}) = max imf and that i7/({/» = {/}• 
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Lemma 2.6 is a spectral family. 

Proof: The only remaining point to prove is that E* is continuous from the 
right, i.e. that E\ = A m >a f° r an ^ e ^- This is obvious if A ^ imf or if 
there is some 5 > such that ]A, A + 5[flim/ = 0. Therefore we are left with 
the case that there is a strictly decreasing sequence (// n )nN m ^/ converging 
to A. For all n G N we have /(i7 Mn ) > /(Ja) and therefore C J x . Hence 

/(U^-) = 1 ™/(^-) = A 

implies \J n Jn n = J\ by the minimality of li P E J\ then P G J~ Mn for 
some n and therefore P Mn < P. This shows A m >a -^m — ^- As P G Ja is 
arbitrary we can conclude that A m >a ^ — The reverse inequality is 

obvious. □ 



Step 3 Let A G 72. be the selfadjoint operator corresponding to the 
spectral family EK It is obvious from the definition of E* that 

sp(A) C im/. 

The next result shows that the spectrum of A is equal to the image of /. 
Lemma 2.7 Let E\ be constant on the nonempty interval ]Ao, Ai[. Then 

im/n]A ,Ai[= 0. 

Proof: Because of the right-continuity of E* we can assume that A belongs 
to imf . We show first that imfPi\\o, Ai[ consists of at most one element. 
Assume that A,/i G im/, Ao < A < fi < Ai. Because / is upper semicontin- 
uous we can find, given e G]0, A — A [, a projection P G J7a such that 

yjev P (n): f(J) < A + e < A, 

in particular 

A = /(Ja ) < f(H P ) < A, 
hence J\ C Pp C J^. This implies 

P = inf P P <inf J- A = P A = P Ao , 

hence Pa„ = P G Ja and therefore 

Ja = #£ Ao - 
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By the same argument, applied to A and /i, we see that 

Jx = H Ex = H Exo = J Xq 

and therefore 

Ao = f(Jx ) = f(Jx) = A, 

a contradiction. 

We now show that Ao G imf and ]Ao, X[nimf = imply J\ = He X() - 
Choose e > sufficiently small and choose P G J\ such that 

V J G V P (K) : f{J) < f(J Xo ) +e<\. 

Then ]A , \ [T\imf = implies 

V J G V P {K) : f(J) < A , 

in particular 

A = /(Ja ) < f(H P ) < A . 
This shows Ja ^ #p and therefore 

P = inf tf P <inf Jx = E Xo . 

Because of P G J\ Q we therefore have E\ G i-e. J7a = He Xq - 
Finally assume that ]Ao,Ai[flim/ ^ and let A be the unique element of 
this intersection. Then by the foregoing we obtain Jx = He Xq = He x = J\, 
i.e. A = A, a contradiction. □ 



Corollary 2.7 Let f : T>(1Z) — > R be an abstract observable function and 
letA G 1Z be the self adjoint operator corresponding to the spectral family E J 
defined by f . Then sp(A) = imf . 

Proof: Note that A ^ sp(A) if and only if E J is constant on some neigh- 
borhood of A. The definition of E J shows that K. \ imf C R \ sp(A), i.e. 
sp(A) C imf, and the foregoing lemma shows that R \ sp(A) CR \ imf, i.e. 
imf C sp(A). □ 



Lemma 2.8 Let f : T>(1Z) ^ H be an abstract observable function, A the 
self adjoint operator defined by f and f a '■ T>(7Z) — > K. the observable function 
corresponding to A. Then fA — f- 
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Proof: Recall that f A (J) = inf{A| E x G J} for all J G V{K). Due to 
sp(A) = imf a = imf this can be written as /a(J7") = inf{A G sp(A)\ E\ G 
J}. 1£ Ex e J (with A G sp(A)) then Ja C H Ex C J and therefore 
/G7) < /(Ja) = A. This implies 

f<fA- 

For the proof of the reverse inequality we distinguish two cases. 

(i) Let J G V{K) and let A = f(J x ) = f(J) be isolated from the right, 
i.e. imfr\]X,fi[= for some /i > A. Then, by the proof of the foregoing 
lemma, E\ G J7a Q J and therefore 

f A {J) < A = f(J). 

(ii) Let A = f\Jx) be not isolated from the right and let (// n )neN be a 
strictly decreasing sequence in imf that converges to A. If E x = inf J\ G J\ 
then f(J\) = fA^Jx)- Let -E\ ^ J7a- Let n G N. Because / is upper 
semi continuous there is P G j7" Mn+1 such that 

V J G Pp(ft) : /(J) < /i n . 

In particular 

Now /(if P n J, n ) = max(f(H P ), f(J, n )) = f(J, n ) and therefore J, n C tf P 
by the minimality of l 7^ tn . So we obtain 

E u < P < E u , 

hence 

This shows E x+£ G J7a for all e > and therefore /a(J7a) < A. This proves 
f A = f- □ 

The uniqueness of A is obvious by remark 12.111 if A, B G lZ sa such 

that f A = f = f B then A = 5. 

T/ws completes the proof of theorem \2.b\ 

The theorem confirms that there is no difference between "abstract" 
and "concrete" observable functions and therefore we will speak generally of 
observable functions. 
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Let Vq{1Z) denote the set of nonzero projections in 1Z. We will now show 
that observable functions can be characterized as functions Vq{1Z) — > R 
that satisfy a "continuous join condition" . Note that for an arbitrary family 
(Pk)keK in V {TZ) we have 

Pi Hp * = H VkeKPk- 

fceK 

If / : T>(1Z) — > 1R is an observable function then the intersection property 
implies 

f(Hy keK P k ) = snpf(H Pk ). 

fcGK 

This leads to the following 

Definition 2.7 A bounded function r : Vq{1Z) 
increasing if 

r(\/ P k ) = sup r(P k ) 
for every family (P k ) keK in V {TZ). 

Note that it is sufficient to assume in the foregoing definition that r is 
bounded from below because r(J) is an upper bound, in fact the maximum, 
for an arbitrary increasing function r : Vo(TZ) — > R. 

Because of the natural bijection P \— > Hp between Vo(7t) and the set V pr (1Z) 
of principle dual ideals of V(JZ) each observable function / : V{1Z) — > R 
induces by restriction a completely increasing function rj\ 

\/PeV (TZ) : r f (P) :=f(H P ). 

Conversely we will now show that each completely increasing function 
on Vo(7Z) induces an observable function so that we get a one to one 
correspondence between observable functions and completely increasing 
functions. This will enable us to complete the proof of theorem 12.51 



is called completely 
(2.6) 



Definition 2.8 Let r : Vq(TZ) —>■ M. be a completely increasing function. 
Then we define a function f r : T>{1Z) — > 1R by 

VJEV(K) : f r (J) := fcrfr(P). 
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Remark 2.12 It is this definition where we need that r : Vq{JZ) — > R is 
bounded from below. The following example shows that there are functions 
r : Vq(TZ) — > R that satisfy the condition \2.6\ but are not bounded from below. 

Let E = (Ex)xeR be a spectral family that is bounded from above but 
not from below. Then Ex ^ for all A 6 R. Let M := min{A | Ex = /}. If 
P G Vo(TZ), then {A < M \ P < E x } is a bounded set, and we can define a 
function r : Vq(TZ) — > R by 

r(P) := inf{A | E x > P}. 

It is easy to see that the proof of the intersection property for observable 
functions also works in this case, so that we get 

r (V Pk ) = su P r ( jP fc) 

keK feeK 

for every family (Pk)keK in Po{T^)- But r(E\) < A for all A G R ; so r is not 
bounded from below. 



It is obvious that 

V P G V Q {K) : f r (Hp) = r(P) 

holds. 



Proposition 2.13 The function f r : D(1Z) — > R induced by the completely 
increasing function r : Vq{1Z) — > R is an observable function. 

Proof: In view of proposition 12.111 we have to show that f r satisfies 

/r(P| Jk) = SUpf r (J k ) 

keK keK 

for all families (j7fc)fceK in T>(1Z). Since f r is decreasing we have 

fr(P\Jk) >SU P f r (Jk). 

kel fceK 

Let e > and choose P k G Jk (k G K) such that r(P fc ) < f r {Jk) + e. Now 
dk-HPk — C\k^k, fr is decreasing and r is completely increasing, hence 

fr(f)Jk) < fr(f)H Pk ) = r(\JP k ) = sup r(P k ) < supf r (J k )+e 
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and therefore 

friHJk) <sn P f r (J k ). □ 



We have formulated theorem 12.61 and the characterization of observ- 
able functions by completely increasing functions in the category of von 
Neumann algebras. A simple inspection of the proofs shows that we have 
used the fact that the projection lattice V(H) of a von Neumann algebra 7Z 
is a complete orthomodular lattice. Therefore we can translate theorem 12.61 
to the category of complete orthomodular lattices in the following way: 

Theorem 2.7 Let L be a complete orthomodular lattice and let f : P(L) — > 
R be an abstract observable function. Then there is a unique spectral family 
E in L such that f — /e- 

The function : T>(L) — > R is defined quite naturally as 

V J G £>(L) : f E (J) ■= inf{A ER\E x eJ}. 

We will present now a further characterization of observable functions. For 
a function / : V (TZ) -> R let 

^a:=7(]-oo,A])U{0}. 

Note that / is lower semi continuous with respect to the topology of strong 
convergence if and only if T\ is strongly closed in V(TZ) for all A e M. 

Proposition 2.14 Let f : Vq(JV) — > K be a function. Then the following 
properties are equivalent: 

(i) / is completely increasing. 

(ii) / is strongly lower semicontinuous and f(P V Q) — max(f(P),f(Q)) 

for allP,Qe V {K) . 

(iii) For all A 6 R the set T\ is a strongly closed ideal in V(1Z). 

Proof: Let / be completely increasing and let (P a )aeA be a net in 
-l 

/(] — oo, A]) that converges strongly to P G Vo(7Z). Because of 

Pa < VbeA ^ b ^ or a ll a G A we have also P < VbeA ^ b anc l therefore 
f(P) < /(V b£ A A) = sup{/(P a ) | a G A} < A. 
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Now assume that (ii) holds. We have to show that JF A is an ideal in V(7V) 
for all A 6 1. If Q G T\ and P < Q then P G T\ because / is increasing. 
If P and Q are two nonzero elements of T\. Then P ' V Q G T\ because of 
/(PVQ)=max(/(P)J(Q)). 

Finally we show that (hi) implies (i). Let P,Q G Vo(7Z) and P < Q. 
From Q G .P/(Q) we conclude P G .P/(q), i-e. /(P) < /(Q)- Hence / is 
increasing and therefore /(P VQ) > max(/(P), f(Q)) for all P, Q G V (1Z). 
Now P,Q e J F max(/(P),/(Q)) and therefore P V Q G Pmax(/(P),/(Q)) because 
^max(/(P),/(Q)) is an ideal. This shows f(PVQ) < max(/(P), /(Q)). 
Now let (P a ) a£ Abe an arbitrary family in Vo(TZ) and let Q := \f b&A Pb- 
Then Q is the strong limit of the increasing net (Qp)pePm(A) where 
Qi? := \J a€F P a and Fin(A) denotes the set of all nonempty finite subsets of 
A. From P a G ^up^/^) for all a G A, we obtain Q F G ^sup^ /(n) for all 
F G Pm(A) and therefore, as .F sup{>gA /(P(j) is strongly closed, Q G .Fsup^A /(p 6 ) ■ 
Hence f(\/ aeA P a ) = sup a6A /(P a ). □ 

If 7^ is a von Neumann algebra, r : Vq(TZ) — > 1R a completely increas- 
ing function, A G im r and 

P A := \/{P G P Q (ft) | r(P) = A} 

then also r(E\) = A. Hence E\ is the largest element in the inverse image 
r{X). It is easy to see that 

(i) A, // G im r and A < \i imply E\ < P M , 

(ii) and if (/x n )neN is a decreasing sequence in im r converging to A G im r 
then E x = /\ neN P Mn 

hold. Let / : V(TZ) — > K the observable function induced by r, P A = (P^asir 
the corresponding spectral family and A G P. sa the selfadjoint operator de- 
fined by E A . 

Remark 2.13 The range of r is dense in sp(A): sp(A) = r(Vo(TZ)). 

Proof: This follows from f(T>(7V)) = sp(A) and f{J) = inf p e jr(P) for all 
J G V{K). □ 

For A ^ sp(A) we define Pa in the very same way as in step 2 of the 
proof of theorem Then <£ r := (E x )xer(v (n))u{R\sp(A)) becomes a 

prespectral family. From corollary 12.41 we know that 

V A G r(V (K)) : P A = Ef. 
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Hence the foregoing remark and property (ii) show that the spectralization 
E of ^J3 r coincides with the spectral family E A . So we have proved 

Proposition 2.15 Let r : Vq(TV) — > K be a completely increasing function 
and let A G lZ sa be the self adjoint operator determined byr. Then the spectral 
family E A of A is the unique extension of the family (Ex)xer(Vo(n)), defined 
by 

E x := \/{P G V (K) | r(P) = A}. 



The special case 1Z = C{TL) deserves a detailed study. Let V(C(7i)) 
the lattice of projections in C(H), Vq(C(H)) the subset of nonzero projec- 
tions and Vi(£(H)) the subset of projections of rank one. The decisive 
feature of the special case C(7i) is that every element of Vq{C{1-L)) is the 
join of a suitable family in Vi(C(7i)) . 

If r : Vo(jC(H)) — > R is a completely increasing function then clearly r is 
uniquely determined by its restriction to V\{C{Ti.)). Of course not every 
function s : Vi(C(Ti)) — > M. is the restriction of a completely increasing 
function on Vo(C(7i)): because the representation of P e Vo(C(7i)) as the 
join of a family in Vi(C(7i)) is far from being unique in general, s must 
satisfy some compatibility condition (and, as it turns out, some continuity 
condition too). 

The compatibility condition is easy to detect: let P\,Pi be two different 
elements of Vi(£(TL)) and let Q G Vi(C(H)) be a subprojection of Pi V P 2 - 
Then necessarily 

r(Q) < r(Pi V P 2 ) = max(r(P 1 ),r(P 2 )). 

Hence the restriction s : Vi{C(li)) — > R of a completely increasing function 
r : V (£(H)) -> K must satisfy 

V P,Q,ReVi(£(H)): (P<QV R => s(P) < max(s(Q), s(P)). 

Lemma 2.9 Let r : Vq(C(7{)) — > R &e a completely increasing function. 
Then the restriction s of r to V\{C{TL)) is lower semicontinuous with respect 
to the topology of strong convergence on V\{C{Ti)). 

Proof: We have to show that for every A G M 

- oo, Ao]) = {P G | s(P) < A } 
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is closed with respect to strong convergence. Let / be the observable 
function induced by r and let (Pa)agir be the spectral family corresponding 
to /. If P E V (C(H)) then r(P) = f(H P ) < A if and only if E Xq > P. 

Now consider a net (Pfc)fcGK in s(] — oo, Ao] that converges strongly to 
P E Then E Xo P k = P k for all k E K and as E Xo P k -> P Ao P 

strongly we conclude E\ P = P, i.e. P G s^] — oo, A ]. □ 

We say that a function s : Vi(£(Tl)) — > K induces a completely increasing 
function r : Vq(C(H)) — > R if the restriction of r to V\{C{H)) is s. 

Theorem 2.8 ^4 bounded function s : V\{C{Ti)) — > K induces a completely 
increasing function r : Vo(£(H)) ->1 i/ and onfo/ i/ £/ie following two condi- 
tions are satisfied: 

(i) s is lower semicontinuous with respect to the topology of strong conver- 
gence on Vi(C(H)), 

(ii) s(P) < max(s(Q),s(P)) for all P,Q,R E Pi suc/i too* P < 
Q VP. 

Proof: A completely increasing function is bounded and therefore its restric- 
tion to Vi(jC(H)) must be bounded too. We have already seen that the 
conditions (i) and (ii) are necessary. 

Conversely, assume that they are fullfilled for a bounded function s : 
Vi(£(H)) -> R. Let Q E V (C(H)) and let (P k ) keK be a family in Vi{C(H)) 
such that Q = V ' ke ^Pk- Then we are forced to define 

r(Q) := sup s(P k ). 

k&K 

In order to show that this is well-defined we begin with the case that IK is a 
finite set. 

Let K be a finite non-empty set and let Q = \/ keK Pk with P k E Vi(C(H)) 
for all k E K. Then 

sup{s(P) | P E P <Q} = m&xs(P k ). 



For the proof we use induction with respect to the size n of K. For n = 1 
there is nothing to prove. Let n > 1 and assume that the claim is true 
for all subsets of K of size n — 1. Let P k = P Cxk (k E K), P = P Cx with 
x, Xfc G S l (7i). Obviously x = Ylk=i a k x k + 0'nXn with suitable ai, . . . , a n G C 
and therefore P < PcY, n ~{a k x k v ^n- By the induction hypothesis we have 

s(P) < max(s(P CE n-i 0fciefc ),s(P n )) < max s(P fe ). 
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Hence sup P< g s(P) < max fc < n s(Pfc) and the opposite inequality is trivial. 

Now let K be an arbitrary non-empty set, P = Pc x < Q and let Fin(K) be 
the set of all finite non-empty subsets of K. Then Q = VFeFin(K) Qf, where 
Qf '■= VjgF-^)'' x * s ^ ne limit of a net of unit vectors Xp G lin<c{xj \ j G F} 
and therefore the net {Pcx F ) is strongly convergent to P. From the finite 
case we obtain 

s(Pcx F ) < maxs(Pj) < A := sups(P fc ). 

i^F fceK 

Hence Pcx F G s (] — oo, Ao] for all F G Fin(K) and there- 
fore s(P) < Ao by the lower semicontinuity of s. This shows 
sup{s(P) | P G Vi{C{H)), P < Q} = sup fceK s(P fc ). Thus r is well- 
defined and obviously completely increasing. □ 



Now we will finish the proof of theorem 12.51 Let 1Z be an abelian 
von Neumann algebra and let / : QiJZ) — > R be a continuous function. (/ 
is necessarily bounded because 1Z is abelian and therefore, due to Stone's 
theorem, Q{7Z) is compact.) Then, using corollary 1.3.1 and theorem 1.3.1, 
we have for an arbitrary family (Pk)keK in Vq{TZ) 

sup{/(»)|!BeQ Vfc6Kflt (ft)} = sup{/(©)|Q3G \jQ Pk (K)} 

fceK 

= sup{/(Q3)|<BG \jQ Pk (K)} 

fceK 

= supsup{/(«8)|«8e Q Pk (TZ)}. 

k 

Because of 

Hp = p| Q p {K) 
for all P G Vq(TZ) it is natural to define 

r(P):=sup{/(53)|Q3GQp(^)}. 
Then we obtain from the foregoing computation 

r(\M)= sup r(P k ), 

i.e. r : V(K) — > R is a completely increasing function. Let f r : T>(TZ) — > R 
be the corresponding observable function. The following lemma completes 
the proof of theorem 12.51 
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Lemma 2.10 / coincides with the restriction of f r to Q(7Z). 



Proof: We have to show that 



V <B e Q(K) : /(») = inf r(P) 



holds. 



From the definition of r we see that /(23) < m := inf p & r&r{P). Let e > 0. 
Because / is continuous there is P G 05 such that /((£) < /(25) + e on 
Q Po (^). Hence 

m < r(P ) = sup/(Q Po (^)) < /(») + e. 

This shows m < /(53). □ 

In the next subsection we will show that for abelian von Neumann alge- 
bras the bijection A \— > f& from 1Z onto Cf,(Q(TZ), R) is precisely the Gelfand 
transformation. The map 7£ sa — > 0(1Z), A \—> f& is therefore for a gen- 
eral von Neumann algebra a noncommutative generalization of the Gelfand 
transformation. 

2.4 The Gelfand Transformation 

Let A be an abelian von Neumann algebra. Subsequently we will prove that 
the mapping A h from A onto C(Q(A),M) is up to the isomorphism 
C(Q(A),R) — > C(fi(^4),R) the Gelfand transformation of the abelian von 
Neumann algebra A. 

Let Ylf=ibjPj be an orthogonal representation of A e lincV(A). By 
lemma 3.6 in 



is a well defined continuous function on Q(A). This defines a mapping 



Proposition 2.16 Ta : lincV(A) — ► C(Q(y4.)) zs an isometric homomor- 
phism of algebras. 



m 




F A :lin c V{A)^C{Q{A)). 
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Proof: Let A = YlT=i an< ^ B = YTj=i b jQj be orthogonal representations 
of A,B E lin c V(A). Because V(A) is distributive we can write 

m n 

A + B = J2 <lil>j -J2 b J ( ^ 

1=1 j=l 

= + ■■■+ P iQn + Pi(I-(Ql + ... + Qn))) 

i 

+ bjiQjPl + ... + Q 3 P m + Qj(I - (Pi + ... + Pm))) 

3 

+ a i P i(I - (Ql + ■ ■ ■ + Qn)) + b iW ~( P 1 + ■■■ + Pm))- 

i 3 

This is an orthogonal representation for A + B. Applying J r A gives 
T A {A + B) = J2( a * + b j)XQ PiQj (A) 

i 3 
= ^2 a iXQ Pi (A)nQ Ql+ ... +Qn (A) +^2 b 3XQ Qj (A)nQ Pl+ ... +Pm (A) 

i 3 

-(Q 1 + ...+Q„) (A) + 2_^ b iXQQM^ nQ ' -(Pi+.-. + Pm) 

(A) 

i 3 

= T A {A)+F A {B). 

Trivially JF^cA) = cJ-'^A) for A e lincV(A) and c e C. A simple calcula- 
tion shows that T A is also multiplicative: 

T A {AB)=T A {A)T A {B). 

Let A = Y1T=\ a iPi be an orthogonal representation of A E UncV(A). Then 

\A\ = max |aj| 

i<m 

and 

I yZ a iXQ P .(A)\oc = max I ai| 

i 

because the sets Qp^A) are pairwise disjoint. Hence T A is isometric. □ 
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Corollary 2.8 T A has a unique extension to an isometric * -isomorphism 
from A onto C(Q(A)). We denote this extension again by T A . 

Proof: It follows from the Stone- Weierstrass-theorem that Unc{xQ P (A)\P £ 
V(A)} is dense in C(Q(A)). The unique isometric extension of T A to A is 
therefore also surjective. □ 



Proposition 2.17 T A : A — > C(Q(A)) is the Gelfand transformation of the 
abelian von Neumann algebra A. 

Proof: Let 

e p : C(Q(A)) - C 
denote the evaluation at the quasipoint (3 G Q(A): 

V V eC(Q(A)): ep{<p)=<p{p). 

Then for all P G V{A) 

(e p oF A )(P) = epixQriA)) 

1 if Pep 

otherwise 

= MP), 

hence e@ o T A = Tp on a dense part of A and therefore, by continuity, on all 
of A. 

The Gelfand transformation 

r : a^ c(n(A)), a^A, 

is defined by 

V r G n(A) : A{t) := t{A). 

The homeomorphism 9 : (3 1— > Tg from Q(A) onto Q(„4) induces a *- 
isomorphism 

0* : C(fi(^)) -> C(Q(«4)), y9^v?°#- 

We obtain 

Fa = o*o r, 

because 

0*(A)(/3) = A{9{(3)) = A{t p ) = r p {A) = e p {T A {A)) = F A {A){(3) 

holds for all A G A and all (3 G Q(-4). In this sense T A "is" the Gelfand 
transformation of A. □ 
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Theorem 2.9 Let A be an abelian von Neumann algebra. Then the mapping 
A i— > f\ from A onto C(Q(A),M) is the restriction of the Gelfand transfor- 
mation to A sa - 

Proof: Due to the foregoing proposition we only need to show that 
fA = Fa(A) holds for all A G A sa - By corollary 12.11 this is true for all 
A G lin^V(A). Let A be an arbitrary element of A sa - We have seen in the 
proof of theorem 12.41 that is the uniform limit of observable functions 
fs with B G lin^V(A) and by definition !F A (A) is the uniform limit of 
functions J-'a(B) with B G lin^V(A) . Hence /a = F^A). □ 

If A is an arbitrary element of the abelian von Neumann algebra A 
and A = Ai + iA 2 is its decomposition into selfadjoint parts, then the 
Gelfand transform of A is 

F A {A)=F A (A 1 )+iF A (A 2 ). 

It is therefore natural to define the complex observable function of A as 

fA := /ai + ifA 2 - 

This definition can be extended to the elements of an arbitrary von Neumann 
algebra 1Z. 



As an application of our considerations we will characterize compact 
normal operators by its observable functions. We assume that the Hilbert 
space 7i has infinite dimension, for otherwise there is nothing to characterize. 
Let A G C(H) sa be compact. It is well known that A can be represented as 

A = J2^Pce k , (2.7) 

fceN 

where {e^ | k G N} is a maximal orthonormal set of eigenvectors and the 
sequence (Xk)k£N of eigenvalues converges to zero. The sum converges with 
respect to the norm. 

Now let Ai be a maximal abelian von Neumann subalgebra of C(TC) cor- 
responding to a maximal atomic Boolean sector of V(C(TC)) such that Ai 
contains A and the projections Pk '■= P<ce k for all k G N. Consider the 
finite-rank approximation 

n 

A n := AfcPfc 
k=i 



46 



Quantum Observables 



of A. The observable function of A n is 

n n 
k=l k=l 

where j3p k G Q{M) denotes the atomic quasipoint defined by P k . This 
means that f An has finite support, contained in {(3p 1 , . . . , flp n }- In particu- 
lar, /a„ vanishes on the closed set Q{AA) C of continuous (i.e. non-atomic) 
quasipoints of V{M). Since the functions f'A n are the Gelfand transforms 
of the operators A n and since the sequence (A n ) n( zf>j converges in norm to 
A, the sequence (fA n )nen converges uniformly to the observable function 
f A of A. Hence Ja vanishes on Q(M) C and, considered as a function on 
the open set Q(M.) at of atomic quasipoints of V(M), is an element of 
Co(Q(Ai)at), the algebra of continuous functions Q(Ai) a t —> C that vanish 
at infinity. Note that Q(M.) a t is an open discrete and dense subspace of 
Q(M). Therefore Q(M) C is the boundary of Q(M) a t- 

Conversely, let / : Q(M) — > K be a continuous function that satis- 
fies 

(i) f\Q(M )c = and 

Then / is the uniform limit of a sequence (/ n )neN of functions /„ : Q(A^) — > K 
of finite support contained in Q(.M) a t. The selfadjoint operator A n e At is 
therefore a finite real linear combination of rank-one projections and hence 
of finite rank. The sequence (A n ) nl =m converges in norm to the selfadjoint 
A E M that corresponds to /. Hence / is the observable function of the 
compact selfadjoint operator A. 

Conditions (i), (ii) are not independent: we show that (i) implies (ii) in a 
quite general situation. 

Lemma 2.11 Let M be a compact Hausdorff space, D C M the (discrete 
open) set of isolated points of M and X := M \ D . If f e C(M) vanishes 
on X , then f vanishes at infinity on D. 

Proof: We assume that D is an infinite set, for otherwise there would be 
nothing to prove. Let / : M — > C be a continuous function that vanishes on 
X. If e > 0, we can choose for every iGlan open neighbourhood U x of x 
such that \f(y) \ < e for all y G U x . The open sets U x (x G X) together with 



The Gelfand Transformation 



47 



the open sets {p} (p G D) form an open covering of the compact space M. 
Hence there are only finitely pi, . . . ,p n G D that do not belong to IJrrex Ux- 
This means \f(p)\ < e for all p G D \ {pi, . . . ,p n }, i.e. / vanishes at infinity 
on D. □ 

If the set D of isolated points of M is dense in M, then we can show that 
condition (ii) implies condition (i): 

Lemma 2.12 Let M be a compact Hausdorff space, D C M the (discrete 
open) set of isolated points of M and X :— M\D . If D is dense in M, then 
every f G C(M) that vanishes at infinity on D, vanishes on the boundary X 
ofD. 

Proof: Again we can assume that D is an infinite set. Let x G X such that 
f(x) 7^ 0. We may assume that f(x) = 1. Let U\ be an open neighbourhood 
of x such that |/(y)| > \ for all y G U±. Since D — M, there is some 
Pi G U\C\D. Choose a neighbourhood U 2 of x that is contained in U\ and 
does not contain p\. Then choose p 2 G U2 H D. Proceeding in this way, we 
generate a sequence (p„) ng N of infinitely many different points in D such 
that \f(p n )\ > \ for all n G N. Hence / does not vanish at infinity on D. □ 

The set K(0(M)) of all continuous functions / : Q(M) -»• C that 
vanish on Q(M) C forms a selfadjoint ideal in C(Q(.M)). Also the set K{M) 
of all compact operators in M. is a selfadjoint ideal. Summing up, we have 
proved the following 

Proposition 2.18 Let Ti be an infinite dimensional Hilbert space and let 
M. be a maximal abelian von Neumann subalgebra of C(T~t) corresponding 
to a maximal atomic Boolean sector ofV{C{7i)). Let Q(Ai) a t be the open 
discrete (and dense) set of atomic quasipoints ofV(AA) and let Q(M) C : = 
Q{M) \ Q{M)at be the set of continuous quasipoints. Then the restriction 
of the Gelfand transformation F M : M. — > 0{AA) to the ideal K{AA) of all 
compact operators in M. is an isometric isomorphism from JC(Ai) onto the 
ideal K(0(M)) in 0(M) of all f G C{Q{M)) that vanish on Q(M) C (or, 
equivalently, vanish at infinity on Q(M) a t)- 
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